
 
Systemsotparamet in this section allrings are Noetherian

Using the PIT along with the corollary about primes
minimal over an ideal in a local ring we get the
following characterization of dimension of a local ring

Cer If R is a local ring w maximal ideal me then dimR
is the smallest number d s t F d elements x xdEm
with Mh E xi xd for hs O

PI If m E x Xd Em then m is a minimal

prime over Xi Xd so dim RED by the PIT

For the other inequality we can find xe em

with e dimR s.t m is a minimal prime over

Xi xe by the converse of the PIT

Then xe has only one prime ideal Thus it
is nilpotent by the corollary in the previous section
Thus dim R e Z d since d is the minimum sit This
works D

Def If R is a local ring then a sequence of
elements x Xd as in the corollary i e d dimR

is called a systems for R



Then if R m is local of dimension d we can deduce
that the following are equivalent
1 x xd em is a system of parameters
2 nad xi Xd m

3 rn is aminimalprime over x Xd

Recall that a local ring has finite length it's Artinian
m the maxi 1 ideal is the onlyprime ideal m O for

n s 0

Thus if R is a local ring m Cq for h so Hq has
finite length Such an ideal q is said to have finite
Ith

More generally if M is a f g module over a local ring R then
on M if MYan ideal q C he has finite colength qM has finite

length
Similar to the case of rings this is true iff a power of
nm annihilates Mqm

myoNakayama
i e m E ann Mqm which implies ME radfannMqm R

m radfann Mqm



Claim If R is any not necessarily local ring M
a finitely generated module and q E R an

ideal then had ann Mqm nad q tannM

PI Recall that the radical of an ideal is the
intersection of all primes containing it so it suffices
to show that a prime P of R contains
ann Mqm iff P contains qtannM

Recall that P2ann Mqm Mqm p
MP
qpµp to

i e no unit annihilatesit

By Nakayama MPqpMp to iff Mp 1 0 and qp CPp

These conditions are satisfied iff P contains both q and
Ann M i e P Sgt ann M D

In the case of R local this gives us the following
move general version of the above corollary

Pep let R m be a local ring and Ma finitely generated
R module let qER be an ideal Then

a g has finite colength on M qtann M 2M

for us O q has finite colength on Planum



b If O M M M O is a short exact

sequence of R modules then q has finite colength
on M 5 3 q has finite colength on M and M

c dimM is the least number d s t there is an ideal
of finite colength on M generated by d elements

PI a q has finite colength on M

rad Cann Mgm m m E q ann M
i

trad qtannM h O

Note that mnM
pygmy

mnM tannM
µ

q tann M which

has annihilator qtannM

Thus q has finite colength on Planum F rad qtannM m

and we're done by above

b If q has finite colength on M then

Ann M C ahh M Manu µ so

qtann M E q ann M and qtann ME q ann M



since radfanumlgm is maximal the radicals
of ann Mgm and ann Mgm must be as well

For the converse assume q has finite colength on M andM

Tensoring the short exact sequence by
R
q we get

Mtm Mqm Mgm 0

Thus the outer termshave finite length so M
qM does as

well

c By definition dimM dimMannM

f smallest dst q Cx xd
bycor has finite colength on PyannM

us 0

By a we've done since q has finite colength on M it
has finite colength onMannM D

In The local case weget a sort of principal ideal theoremfor
dimension rather than cudim

Cer If Rim is local and M a finitely generated Rmodule
then for any X em we have

dimM l E dimMGM E dimM



PI The second inequality is clear since ann ME ann M

For the first set d dim M M Then I q xi xd of
finite colength on MGM

Thus Mx q M xD x M has finite length so

Xi xd x has finite colength on M dimmed I

dimM l E dimMGM D


